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Abstract 

We calculate the topological string amplitudes of Calabi-Yau toric threefolds cor- 
responding to AD, J\f = 2 SU(2) gauge theory with Nf = 0,1,2,3,4 fundamental 
hypermultiplets by using the method of the geometric transition and show that they 
reproduce Nekrasov's formulas for instanton counting. We also determine the asymp- 
totic forms of the Gopakumar- Vafa invariants of the Calabi-Yau threefolds including 
those at higher genera from instanton amplitudes of the gauge theory. 



1 Introduction 



Recently, remarkable developments occurred in the theory of the topological strings. 
We can now compute the Gromov-Witten invariants or Gopakumar-Vafa invariants of a 
Calabi-Yau toric threefold at all genera by using the Feynman-like rules P3 |2] which has 
been developed from the geometric transition and the Chern-Simons theory [Sj. Although 
this method is most powerful compared to other methods such as localization and local B- 
model calculation, we still cannot obtain the exact form of the topological string amplitude 
in general cases because we have to sum over several partitions. However, it is found 
that we can perform the summation for some special types of tree graphs by using the 
identities on the skew-Schur functions jUEUE]- A simplest example is the resolved conifold 
C(-1)©C(-1) -►P 1 . 

Another interesting application is the geometric engineering of the gauge theories 
IHl IH E]. In this article we study the cases with the gauge group SU(2) and with Nf = 
0, 1, 2, 3, 4 fundamental hypermultiplets. It has been known that the corresponding Calabi- 
Yau threefolds are the canonical bundles of the Hirzebruch surfaces blown up at Appoints. 
We calculate the topological string amplitudes of these Calabi-Yau threefolds and show 
that they reproduce Nekrasov's formulas for instanton counting jU] in a certain limit. The 
SU(n + 1) cases without hypermultiplets and the SU(2) case with one hypermultiplet have 
been studied in |3 IHl Sj and the calculations in this article are essentially the same. We 
also determine the asymptotic forms of the Gopakumar-Vafa invariants of these Calabi- 
Yau threefolds from the relation between the topological string amplitudes and Nekrasov's 
formula. This result is the generalization of the genus zero results [TTH ITT] to higher genus 
cases. 

The organization of the paper is as follows. In section we calculate the topological 
string amplitudes of Calabi-Yau toric threefolds that correspond to AD, M = 2 SU(2) 
gauge theories with Nf = 0, 1,2,3,4 fundamental hypermultiplets. In section EJ we show 
that the topological amplitude reproduces Nekrasov's formula. In section 01 we derive 
the asymptotic form of the Gopakumar-Vafa invariants of the Calabi-Yau toric threefolds. 
Appendices contain formulas and the calculation of the framing. 
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2 Topological String Amplitude 



In this section, we calculate the topological string amplitudes of Calabi-Yau toric three- 
folds that reproduce four- dimensional M = 2 supersymmetric gauge theories with gauge 
group 577(2) and with Nf = 0, 1, 2, 3, 4 fundamental hypermultiplets. 

First we briefly review the calculation of the topological string amplitudes of Calabi- 
Yau threefolds X following [2] when X is the canonical bundle of a smooth toric surface 
classified in [12] • Recall that a two-dimensional integral polytope (the section of the fan at 
the height 1) of X has only one interior integral point (0, 0) and this point and each integral 
point Vi(l < i < k) on the boundary span an interior edge (here we define k to be the 
number of the interior edges and take vi,i>2, - ■ ■ in the clockwise direction). Therefore the 
corresponding web diagram consists of a polygon with /c-edges and external lines attached 
to it. We take the orientation of edges on the polygon in the clockwise direction, and that 
of the external lines in the outgoing direction. Then the integer m ; of the framing for an 
interior edge dual to i>$ is given by 

m = -74 - 1. (1) 

Here ji is the self-intersection number of the P 1 associated to v\ and computed from the 
equation 

-JiVi = Vi-x + «<_!■ (2) 

The derivation of rrii is included in appendix. Then we assign a partition Qi to each interior 
edge and the partition of zero to each external edge. Finally we obtain the topological string 
amplitude by multiplying all quantities associated to vertices and edges and by summing 
over all partitions. The brief summary of the rule is as follows: to a trivalent vertex we 
associate the three-point amplitude CR lt R^R 3 if the orientation of all the edges are outgoing, 
(—iy(Ri)C Ri t R2 R3 if the orientation of one edge with a partition Ri is incoming, etc, where 
Ri,R 2 , R3 are partitions assigned to three edges attached to the vertex; to an interior edge 
we associate (— l) mZ ( R )g t^-q-KR)* where m is the integer coming from the framing and R 
is the partition assigned to the edge and t is the Kahler parameter of the corresponding P 1 . 
Here l(R) := J^i^i f° r a partition R = (/ii,/i 2 , . . .) and k(R) := X^iA 4 ^/ 1 * ~ 2i + 1). Thus 
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the topological string amplitude for X is written as 

z = e n^,^ +1 (-i) 7i ' (Qi) ^ K(Qi) - (3) 

Qi,-,Q k i=l 

Here we have defined 7^+1 := 7i,Qfc+i '■— Qi- This result was derived in [121111111]. The 
relation between the topological string amplitude Z and the Gromov-Witten invariants is 
that log 2^ I g=e v=r 3 s is the generating function of the Gromov-Witten invariants where g s is 
the genus expansion parameter. This statement has been proved for the canonical bundle 
of fano toric surfaces ^1] . 

Next we derive more compact formulas for the toric Calabi-Yau threefolds that corre- 
sponding to 4D, Af = 2 SU{2) gauge theories with Nf = 0,1,2,3,4 fundamental hyper- 
multiplets. The Calabi-Yau threefolds are the canonical bundles of the Hirzebruch surfaces 
Fo,Fi, or F2 blown up at Nf points. There exist 3,2,3,3,2 such Calabi-Yau threefolds for 
Nf = 0,1, 2, 3, 4. 2 The fans and the web diagrams for these threefolds are shown in figures 
[Hand 01 We take [Cb], [Cf], [CeJ (1 < % < Nf) as a basis of the second homology where Cb 
(resp. Cp) is the base P 1 (resp. fiber P 1 ) and Ce^ is an exceptional curve. The intersections 
are 

Cb-Cb = —b, Cb-Cf = 1, CF-CEi =0, 

(4) 

Cf-Cf = 0, Cf-Ce 4 = 0, CFi-CFj = —Oij 

for 1 < i,j < Nf. The values of b are 1 or 2 and will be listed later. Here ^,^,^(1 < 
% < 3) denote the Kahler parameters of the base P 1 , the fiber P 1 , the i-th (—1) -curve and 
q B := e~ tB , q F := e"' F , q { := e"* E i. 

Now we compute the topological string amplitudes by using the same strategy as [3 El El- 
Let us take Nf = 2 cases shown in figure ^ as examples. We first cut the polygon in the 
web diagram into two upper and lower parts (as shown by dotted line) and compute the 
amplitudes separately. Then we glue the two amplitudes together along the vertical edges 
: P 2 and (2) (3) (5) (7) in figures HJH 

2 Although there are 16 smooth toric surfaces classified in three among them (1,10, 16 in figure 1 in 
|T2] 1 do not correspond to the four-dimensional gauge theories. 
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(7) 






Figure 1: The fans and the web diagrams for the Calabi-Yau toric 3-folds that correspond 
to four-dimensional M = 2 SU (2)gauge theory with Nf = 2 fundamental hypermultiplets. 
For Nf = 0, 1,2,4 see figure H 




X 2 X\ 

Q 2 i Qi 




X2 

X 3 Q2 %1 

Q3 \ -1 / Qi x 4 

\0 „ Q 4 



;Ri R 2 -, -Ri R. 




x 3 

Q 3 I Q2,X 2 



Ri R2 




Qi,x 



Figure 2: The web diagrams corresponding to H^ R2 (x\, . . . ,Xk) (1 < k < 4). 



to obtain the whole topological string amplitude. They are written as follows: 



(7): 



(9): 



Rl,R2 



xqB l(Ri)+KR a ) qp l(Ri)^ qiq2 yKRx) i 

Z= Y h rIr2^^~ 1 i^~ 1 ) h rIrM?) 

Ri,R2 

X (_l)Kfil)+'(R2) g ^-^ gB /(i?l)+i(«2) gF 2«(fll)( gig2 )-i(fil) ) 

Z = Y H fi,R2^^~ l i^~ l ) H R l iRM?) 
Ri,R2 



(5) 



(6) 



(7) 



X te ,(fll)+,(fl3) «F ,(iil) (9 1 ?2)" ,(fll) - 

Here R\ (resp. -R2) is a partition assigned to the right (resp. left) vertical edge. H R k ^ R2 (x\, . . . , Xk) 



(1 < k < 4) are amplitudes corresponding to the web diagrams in figure El and defined by 

Q 

H^ R2 ( Xl ,..., Xk ):= Y, (-lj'^^qO^QOg- ^^-r^- 1 ^ ^) (9) 

Qi,---,Qk »=1 

Using the expression for C Rl j{ 2 ^ Rz written in terms of the skew-Schur functions and the 
identities (see appendix), H R } Rz (xi, . . . ,x k ) becomes 



H^ R2 (x u ...,x k ) = (-l) l ^W Rl W R2t K{ Xl ■ ■ .z fc )0flx,fl a (zi ■■■x k ) 

fe-l k 

[ II ■ • • £7)^1,0 Oi • • ■ JJ #(2^ • • ■ x k )g R2fi ( Xj ■■■x k ) 



X 

2<j<j<fc-l 



(10) 



The second (resp. third ) line should be set to 1 for k — 1 (resp. for k < 2). 

00 00 k k 

K(x) := £(1 - *-= ■«)- = exp [£ «£_" 
i,i=i fe=l w ; 

r ■ .1 d (R) IH , 

n ^pl nn ^^ ; (12) 
rr r (l-xg^- i+ ^-J +1 ) 1 

11 n ^ 



1 J 

Here [k] := <p — g~ 2 ; /(i?) := ^ for a partition i? = (fix, fx 2 , ■ ■ .), k(-R) := ^ A i i(y u -i — 2«+l) 
and is the length of i?. (/^i j)i>i (resp. (/^ t)i>i) is the conjugate partition of i?i (resp. 
R2) and G -R means that there is a box in the place of i-th row and j-th column in the 
partition R regarded as a Young diagram. We have used an identity in appendix to obtain 
the expression (j!4j) . The final form of the topological string amplitudes for the Nf = 2 cases 
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become 

Z = Zq Z>i 

( l (7) 



\K( gi q 2 - 1 ) (8)(9) 



(15) 



z >i = E 9Ry ,-Ri * ( 1 ) 9r 2 ,ii2 ' ( 1 ) 9Ri ,i?2 (?f) 2 JJ toi ,0(3?) ~ 1 9r 2 $ (?f 9j _ 1 ) _ 1 

The numbers 6 are 1, 2, 1 and (mi,m 2 ) are (0, 0), (—1, 1), (0, 0) for (7) (8) (9). In Z>i we have 
used the identity 

W R W# = (-1)^^(1). 

The generating function of the Gromov-Witten invariants is obtained from the topolog- 
ical string amplitude by taking the logarithm and substituting e^~^ 9a into q: 

00 

\ogZ\ q=e ^ gs =J29* 9 ~ 2 E N g4Ml42 q B d °q F d rq^q 2 d * 

g=0 d B ,d,F,di,d2 ,-.„•. 

00 CO J loo 

= E E E dB '^' d2 (2sin^)^ (qe'VVV 1 ^)*- 

<J=0 d B ,dp,di,d 2 k=l 

Ng t d B ,d v ,di,d 2 denotes the genus zero, 0-pointed Gromov-Witten invariant for an integral 
homology class g?b[Cb] + <i F [CV] + difC^J + d2[CE 2 ] and n d B ,d F ,d 1 ,d 2 denotes the Gopakumar- 
Vafa invariant. 

One can read off the Gromov-Witten invariants with ds = from Zq, because only 
logZ gives the terms with degree zero in q&; 



OO h h f 00 h h 00 hi _1 \fc 

sp q gF y^r^p q K qf Q (iFQi ) 

^ M?* - 1)2 ^ [ _ x)2 + fc ( g fc _ X )2 



-l\fc 



+ for (8)(9), for (7) 

g=e v^To s ^-^ 1 ^ _ fcg \ -2 - 



(17) 



E \ ( 2 sin " - 2 ^ k + E + (m" 1 )*) 
fe=i 1=1 

f^^(2sin^)" 2 ( gi g 2 ^) fc for (8)(9), for (7). 
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Hence the nonzero Gopakumar-Vafa invariants for a second homology class g?b[Cb]+<^f[Cf] + 
^i[Cei] + d 2 [CE 2 ] with d-Q — are as follows (we slightly change the notation and write the 
Gopakumar-Vafa invariant as n 9 a for a second homology class a) : 

= n icl\ = ™[c?]-[c Bi ] = + 1 (i <«'<*»> (18) 

and 

nf=° iHCB2] = -1 only for (8)(9). (19) 

The invariants at [Cf], [CeJ arid [Cf] — [CeJ (1 < i < -N/) are the same in all of the three 
cases, while the invariant at [CeJ — [Ce 2 ] are different. We will interpret these results from 
the viewpoint of relation to the Seiberg-Witten prepotential of SU(2) gauge theory in the 
next section. 

The Gopakumar-Vafa invariants with d-Q > 1 are given by logZ>!. We remark two 
properties. The one is that the Gopakumar-Vafa invariant is nonzero only when 

< -di <d B (1 < v z < N f ). (20) 

One could read this fact from the expression (JTKj) as follows. The summand is the polynomial 
in <7i _1 ,<72 _1 °f degree at most l(Ri) + l(R 2 ) given that gn$(x)~ l is the polynomial in x of 
degree l(R). Therefore the degree in q^ 1 is always equal or smaller than the degree in q&, 
and this fact persists when we take the logarithm. Thus the Gromov-Witten invariants are 
zero unless the condition (|20|) is satisfied, and so are the Gopakumar-Vafa invariants. The 
other property is that the Gopakumar-Vafa invariants are symmetric with respect to qi, q 2 - 
This follows from the invariance of Z>\ under the exchange of q% and q 2 . 

Finally, we summarize the topological string amplitude for all the cases corresponding 
to SU (2) gauge theory with Nf = 0, 1, 2, 3, 4 hypermultiplets shown in figures d El 



Z — Zq Z>i 

N f 

Zo = K^fYlKiq^Kiqrqf 1 )- 1 x (a) 

(2D 

z >i= 9r u rA 1 )9r 2 ,rA 1 )9Rx,R2{^) 2 \{9r^{(13) ^Qua^QpOo X ) 1 
Ri,Rz j=l 

x qB KRi)+l(R2) qF bl(Ri)( qi . . , qff )-K^i)(_l)miKi?i)+m 2 i(Jl 2 ) g - miK(Rl) + m2K(Jl2) j 



Nf 




Nonzero Gopakumar-Vafa invariants 





(2) (3) (4) 


9=0 

U [C F ] 


1 


(5)(6) 


n [C F ] - Z ' a [C El ] - "[C F ]-[C E1 ] - 1 


2 


(7) 


n m = - 2 ^Ej = n E]-[c E ,] = 1(1 < *' < 2) 


(8) (9) 


n lS] = -2^fc E j = n fc F °]-[C E j = 1(1 < » < 2),n [CEl ]-[c E2 ] = -1 


3 


(11)(13) 


n E°] = ~ 2 > n lc E .] = n [c F ]-[c Ei ] = !(!<*< 3), 
^[c El ]-[c E2 ] = ^[c El ]-[c E3 ] = ™[c E2 ]-[c E3 ] = -1 


(12) 


n fc F °] = -2^fc E j = n [c P °]-[c E ,.] = 1(1 < * < 3),ri[c El Hc E2 ] = -1 


4 


(14) 


n E°] = ~ 2 ' n [c E .] = ^f Cp ]_[ CE .] =!(!<«< 4), 
n [CEi ]-[c E2 ] = n[c El ]-[c Ba ] = ™[c E2 ]-[c E3 ] = -1 


(15) 


n E°] = _2 > n E°] = ra E°]-pEj = !(!<«< 4),ri[c El ]-[c E2 ] = ^[c E3 ]-[c E4 ] = -1 



Table 1: The nonzero Gopakumar-Vafa invariants for a second homology class d~B [Cb] + 
^f[Cf] + rfi[Csi] + d Nf [C ENt ] with d B = 0. 

J J 

where 

'l (2) (3) (4) (5) (6) (7) 

K( qi q 2 -i) (8)(9)(12) 

(a) = < 

K(q 1 q 2 - 1 )K(q 1 q 3 - 1 )K(q 2 q 3 - 1 ) (11)(13)(14) 

K{ qi q 2 - l )K{q 3 q^) (15). 

6 is the self-intersection of the base P 1 and mi(m 2 ) is the integer of the framing of the right 
(left) vertical edge: 





(2) 


(3) 


(4) 


(5) 


(6) 


(7) 


(8) 


(9) 


(11) 


(12) 


(13) 


(14) (15) 


Nf 





1 


2 


3 


4 


b 





1 


2 


1 


2 


1 


2 


1 


2 


2 


1 


1 1 


mi 


-1 


-2 


-3 


-1 


-2 





-1 





1 








1 1 


m 2 


-1 





1 





1 





1 








1 


1 


1 1 



Note that the properties of the Gopakumar-Vafa invariants mentioned in Nf = 2 cases 
hold in all Nf cases: the nonzero Gopakumar-Vafa invariants for a second homology class 
^b[Cb] + ^f[Cf] + <^l[Cei] + d Nf [CE Nf ] with <i B = are summarized in tabled] and one can 
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easily see that in all cases njj^ = —2, j = n® c ^_^ j = 1 (1 < i < Nf); for g?b > 1, 
the Gopakumar-Vafa invariants is nonzero only if < — dj < g?b(1 < V * < ^/) an d they are 
symmetric with respect to di, . . . ,d^ f . Note also that Z>iS of (7) and (9) (resp. (14) and 
(15)) are the same, which means that the Gopakumar-Vafa invariants in cases (7) and (9) 
(resp. (14) and (15)) with d-g > 1 are completely the same. 



3 Nekrasov's Formula 

In this section we show that the topological string amplitude Z gives the one-loop 
corrections in the prepotential and Nekrasov's formula [Hj for the 4D, M = 2 577(2) gauge 
theory with Nf fundamental hypermultiplets at a certain limit. The argument in this section 
closely follows that in 00111. 

First let us identify the parameters in the two sides: 

* F = -2(3a, t Ei = -(3(a + m % ) (1 < i < N f ), q = -(3h. (22) 

Then the limit we should take is the limit — > 0. Here a — a± — —a,2 is the vacuum 
expectation value of the complex scalar field in a gauge multiplets, rrtj (1 < i < Nf)'s are 
mass parameters of the fundamental hypermultiplets. g s has been introduced as the genus 
expansion parameter. 

Next, let us show that the £b independent part Z in the topological string amplitude 
gives the perturbative one-loop correction terms. We again take Nf = 2 cases (7) (8) (9) as 
examples. Note that 

q k | 1 

Then 

00 1 r N} i 

hm h 2 log Z> x = 2 ^ [e" 2fc/3a " (e^ {a+mi)k + e^™^) 

k=i i=i (23) 

+ ^e- fc/3(mi " m2) for (8) (9), for (7). 

k=l 

Each trilogarithm corresponds to one logarithmic term in the Seiberg-Witten prepotential. 
We can see this correspondence in the following way. If we take the third derivative in a, 
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the right-hand side of (j2HJ) becomes 



g g -2/3a . e -/3(a+m,i) g — /3(a-mi) 



' ' \ 1 — 



i=l 



N 



(24) 



8 ^A/ 1 1 



-+E — ^ + 

£ ^ \ <i .4- m • 



a V a + mj a — m. 



In passing to the second line, we have used the formula Y2T=o x = (1 ~ x )~ 1 - This is exactly 
the third derivative of the one-loop correction in the SU(2) Seiberg-Witten prepotential 
with Nf fundamental hypermultiplets. Note that the last term in (|23|) does not cause any 
problem because such term depends only on mass parameters, not on a. 

Now we show that the logarithm of te-dependent part Z>\ in (|21|) gives the instanton 
correction terms in the gauge theory. More precisely we show that Z>i becomes Nekrasov's 
formula in the limit (3 — > 0. We introduce the following function for the sake of convenience: 
for two partitions Ri = (/ii,i)i>i and R 2 = (/^2,i)i>i, 

Pr u r 2 ( x ) := . ,bi~ , fc / ~, — v • ; -i \ \ 

j (25) 

(ilJjfe sinh 2 ( s + j + 1 - ^ + i - !)) ' 

where a, ft, /3 are defined by q = e~ l3h and x = e~^ a . Then the following equations hold: 

Pri\rA x i<1) = p R 2 ,Ri(x,(l), 

_ i(Hi)+i(«2) n-KRi)-l(Rn) ~<Ri)-"(R2) , . (OR) 

g Rl ,R 2 (x)=x 2 2 * Hl > 'Wq * P flljfla *(x), v. 
sinh § (a + ^(jUi,* - /U 2 ,z + / - fc)) 



/ \ _ TT 011111 2 3_ "-V^l.fc PjM ' 1 
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Therefore we can rewrite Z>\ as follows. 

Ri,R2 
N, 

IPRMPRzAqr- 1 *) (27) 



x 



i(gi)+iCgg) 

3=1 



x 2 -(4-JV / )(i( J Rl)+K«2)) ?B Kfli)+K«2) gp W(«l)-2«(fli)-^(fl2) JJ ^ 

3=1 

X ^_]_y m l'(-Rl)+' m 2HR2)+A r //(-R2)g 2 H 4 

y rr tt sinh f + hjfj^k ~ iHj + l-k)) 
rTrM^i sinh §(«,, + />(/ -A;)) 

3 3 
x J sinh — (ai + mj + — /)) sinh — (a 2 + + fi(k — I)) 

3=1 (k,l)eRi (k,l)eR 2 

x 2 -(4-Jv / )(i(fli)+i(fla)) gB «(«i)+Kife) gFl «(«i)-a(fli)-a(«3) JJ ^ -'(«i)+'(*?> 

x /_ 1 xmiKfli)+m2K-R2)+jV/K^) g - miK(Hl) 2 m2K(a2) 

We have rewritten i? 2 i n the summation as R2 and = a\ — a>2 — 2a = —02,1- Next we 
look into the limit 3 — > 0. The first line of ()28|) becomes 



Py4(l(Rl)+KR2)) n q. ■ + h(^ k - Hl + l-k) 

2 J 11 11 oa + HQ-k) 

i,j=l,2k,l=l M 1 V I 



The second line becomes 

A 1 



^(Kft^^^'^^jj n c-±±p± + (i - k)) n +(*-*». 

J=l (k,l)<ERi {k,l)eR 2 

The third line and the fourth become 

2 -{i-N f )(l(R 1 )+l(R2)) qB l{Ri)+l(R2)^ riy(i{Ri)+i(R2)) 

where 

\ for (2)(4)(5)(8)(9)(11)(14)(15) 

(29) 

for (3)(6)(7)(12)(13). 
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Thus if we take the limit (3 — > with 

* = (30) 
t F = -2/9a, t E , = ~P(a + m*) (1 < i < N f ), q = -/3h, 

the topological string amplitude (|2*Tj) becomes Nekrasov's formula for instanton counting 
Q: 

Umlog^>i = 2£ rasov 

- (nh N f \ l ( R i)+ l ( R 2) TT TT a »,i + M/^,*-- - iHi + l — k) 

= k {9 iUA ay+^i-*) • (3D 
iiMii rp±p + n(i-*)) • 

Here the meaning of g is that g = A 4 ~ N f for TV/ = 1, 2, 3 and q = e^~^- 1XT for Nf = 4 where 
t is the value of the moduli of the Seiberg-Witten curve when mi = ■ ■ • = = 0. 



4 Asymptotic Form of Gopakumar— Vafa Invariants 

In this section we derive the asymptotic forms of the Gopakumar- Vafa invariants of the 
Calabi-Yau toric threefolds that correspond to the SU(2) gauge theory with Nf = 0, 1, 2, 3, 4 
hypermultiplets. We derive first the asymptotic forms of the Gromov-Witten invariants and 
then those of the Gopakumar- Vafa invariants. 

Let us state the result: for a second homology class a = g?b[Cb] + g?f[Cf] + ^i[CeJ + 
h d Nf [C EN ] with d B > 1 and < -d { < d B (l < y i < N f ] 
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o4d B +2^-2-77 Nf 

n '~(4dB + 2p-3)! dp Ll^|(-1) M , (32) 

where n Cfc = k u™i k)l is the binomial coefficient. T g ^ is defined by 



log 41,0V = £ A " E(^) 29 - 2 ^S^- (33) 

fc=l s=0 



3 The reason we deal with the Gopakumar- Vafa invariants at this range is that those for g?b = are 
exactly determined by Z$ (table QJ and that those at d-Q > 1 are zero unless < — d% < g?b(1 < V * < ^V/) 
(see previous section). 
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1 


2 


3 


4 


5 


6 


k 


















1 




-2 




















2 




-5 


8 


-11 


11 


-17 


20 


-23 


3 




-48 


1024 
3 


-1872 


9376 


134608 
3 


208704 


-951440 


4 




1469 
2 


13176 


-171201 


1971646 


42777927 
2 


224106774 


-2295588586 



Table 2: 2 4k+2 s~ 2 F g , k for small g, k. 
This asymptotic form is valid in the region 

d,F > ds(g + !)• 



(34) 



Note that the asymptotic form of the Gopakumar-Vafa invariants consists of two factors. 
The one is the asymptotic form of Nf = case which is a monomial in dp with the prefactor 
given by the instanton amplitude of the gauge theory. This factor is common to all the Nf 
cases and the genus dependence appears only through this part. The other factor is the 
binomial part which represents the dependence on d^s (1 < i < Nf). 

For concreteness, we compute log 2^ krasov up to C(A 16 ): 
1 Z (0) 2A4 

°g Nckrasov ^2^2 

A 8 (2h 2 - 5a 12 2 ) 



h 2 (h - ai2) 2 ai2 4 (^- + ai2) 2 
,12 



+ 



16A i2 (8/i 4 - 26h 2 a 12 2 + 9a 12 4 



3h 2 (H - a 12 ) 2 (2h - a 12 ) 2 a 12 e (h + a 12 ) 2 (2h + a 12 ) 2 
A 4 (10368ft 10 - 59328/i 8 a 12 2 + 105356fr 6 a 12 4 - 67461ft 4 ai 2 e 



17718fr 2 a 12 8 - 1469a 12 10 ) 



2h 2 (h-a 12 ) (2h-ai 2 ) (3h-ai 2 ) a 12 8 (h + a i2 ) (2^, + ai 2 ) (3^. + ai 2 )' 



0(A 



20\ 



(35) 



If one expand this further by h, one could obtain the coefficients 2 4k+2g 2 T g ^ in table El 

In the rest of this section we explain the derivation of the asymptotic form. In the 
previous section, we showed that the topological string amplitudes reproduce Nekrasov's 
partition functions at the field theory limit (J30)) . By taking the logarithm of the equation 
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(JHIJ), the left-hand side is written as 

oo oo 



=1 g=0 d F ,d 1 ,...,d Nf 



On the other hand, the logarithm of the right-hand side takes the following form: 



Zt^^inf-' B ^; t ;; 2 ^> . (37) 



oo oo 

,2 S -2 



k=l g=0 

Here B g N ^ is a polynomial in Nf variables and it has the degree k as a polynomial in each 
variable. Moreover, the highest degree term is 

T J^...^L) k (38) 
V a a J 

where is the same for all Nf = 0,1,2,3, 4. This is clear from the expression of Nekrasov's 
partition function in eq. ()31|). Therefore it is given by (}3*3*j) . We can also understand this 
from the well-known fact that a gauge theory with fundamental hypermultiplets reproduces 
the pure Yang-Mills theory by decoupling hypermultiplets. 

Let us adopt the following ansatz: 

N g4Ml ,..., dNf ~ r£(dp) n^CKl(-l) Mil (0 < -<U < d B ). (39) 

i=l 

By substituting the ansatz into (|3*Sjl and identifying the parameters as (|5U|) , we obtain 

oo oo ^V/ 

^ Y,q dB (V^fr) 29 ~ 2 P MB+2g ~ 2 Y, r dB( d ^^ ( 4 °) 

o!b=1 9=0 dp i=l 

The last factors have appeared from 

N f dB N f N f 

n e &c^(-i) fe< 9r fei = n^ 1 - * _i ) dB ~ n^ B ( a + m ^ dB - 

i=l ki=l i=l i=l 

Then comparing (|37j ) (|38j l and ()40|1 as a series in h and A, we obtain the condition which 
r d 9 ^(dp) must satisfy: 

•FqM 



a 4fc+2g-2 

(41) 



(2/?) 4fc+2g ~ 2 



i F 4fe+2 9 -2- 
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We have actually used only ()38j) in the comparison and we will discuss this point shortly. 
In passing to the second line, we have identified a with tp/2/3. It is clear that the powers 
of /3 cancel out and this relation is independent of the limit (3 — > 0. Then we replace the 
summation over d F with the integration and regard the left-hand side of (|41jl as the Laplace 
transform of (c/f) as a function in d F to a function in t F . Therefore by performing the 
inverse Laplace transform on the right-hand side, we obtain the following: 

o4d B +2g-2 

~ { J B + 2s -zy. ^< B+2s ~ 3 - (42) 

This asymptotic form is valid only in the region 

d F > d B . (43) 

In the derivation, we have used only the term with the highest degree in m 1; . . . , m^, in (|37j). 
As it turned out, this is suffice, because the contributions from the terms with lower degrees 
(in rrii) are smaller: it would be monomials in d F with degree smaller than Ad B + 2g — 3. 
Thus such terms can be neglected since we consider the region where dp is large. 

Finally let us consider the asymptotic form of the Gopakumar-Vafa invariants. It is the 
same as the Gromov-Witten invariants, because the contribution from the lower degree and 
lower genus Gromov-Witten invariants can be neglected. However, the region where the 
asymptotic form is valid becomes more restricted. It is 

d F ^>d B (g+l). (44) 

Here we have added the factor (g + 1) in the right-hand side of ()43|) because the number of 
lower degree/genus terms is d B (g + 1) and this number must be small enough compared to 
dp. 



5 Example 

In this section we explicitly compute the Gromov-Witten invariants and compare them 
with the asymptotic forms derived in the previous section. We take as an example the case 
(7) (9) which correspond to the SU(2) gauge theory with Nf = 2 fundamental hypermul- 
tiplets. The ratios between the Gopakumar-Vafa invariants and the asymptotic forms are 
shown in figure EJfor d B — 1, 2, g — 0, 1, 2. 
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We remark that the difference in the topological amplitudes of the two cases appears 
only in Z and that Z>i are the same. Therefore the distribution of the Gopakumar-Vafa 
invariants n 9 d ^ dp di d2 for a homology class a = g? b [Cb] + ^f[Cf] + ^i[CeJ + ^2[Ce 2 ] are the 
same when g?b > 1. 

Now we compute the Gopakumar-Vafa invariants of (7) (9) for <i B = 1, 2, g — 0, 1, 2. Let 
G d 9 ^(d,F, d\, 62) denotes the generating function of the Gopakumar-Vafa invariants for given 
g?b and g: 

Gt{di,d 2 ):= <,, P ^F d VV 2 . (45) 

d,Y,di,d2 

Here the summation over dp is from zero to infinity and the summations over di, d 2 are from 
— d-Q to zero (see section 12}. Then G d g ^s calculated from the topological string amplitude 
(|15|) are as follows. 

^(0) _ qiQ2 + qF- 2q 1 q F - 2q 2 q F + qiq2qF + qp 1 _ n {2) _ n 

Lr 1 — " " "2 , t>l — — U, 

9i?2(-l + Qf) 



G^ 



E?j=o/y(«F)9iV 



<ZiV(-1 + <Zf) (1 + 0*0' 
foo = -6?f 4 - 8q F 5 - 6q F 6 , f 01 = 5q F 3 + 15q F 4 + 15g F 5 + 5g F 6 , 

/02 = -6q F 3 - 8q F 4 - 6q F 5 , f w = 5q F 3 + 15q F 4 + 15?/ + 5q F e , 

fn = q F ~ 5q F 2 - 23q F 3 - 29q F 4 - 17q F 5 - 7q F 6 - q F 7 + q F 8 , 

/12 = -2q F + 9q F 2 + 17q F 3 + 7q F 4 + 7q F 5 + Aq F 6 - 2q F \ 

/20 = ~Qq F 3 - 8q F 4 - Qq F \ 

/21 = ~2q F + 9q F 2 + 17q F 3 + 7q F 4 + 7q F 5 + 4g F 6 - 2q F \ 
fm = 1 - QF ~ 9q F 2 ~ 5q F 3 - 3q F 4 - 3q F 5 - q F 6 + q F 7 

(i) = T l l j =ofij(qF)qi i q2 j 

2 " gi 2 g2 2 ( _l + gi? )8(l + gF )2' 

/oo = 9q F 5 + 1 V + 9g/, f 01 = -8q F 4 - 24q F 5 - 24q F 6 - 8q F 7 , 

/02 = 9g F 4 + 14g F 5 + 9g/, / 10 = -8g F 4 - 24g F 5 - 24q F 6 - 8q F 7 , 

fn = 7q F 3 + 32q F 4 + 50g F 5 + 32q F 6 + 7q F 7 , f 12 = -8q F 3 - 24q F 4 - 24q F 5 - 8q F 6 , 

/20 = 9g F 4 + Uq F 5 + 9q F \ f 21 = -8q F 3 - 24q F 4 - 24q F 5 - 8q F 6 , 

f 22 = l- 6q F + 13q F 2 + q F 3 + 37q F 5 - Uq F G - 8q F 7 + 13g F 8 - Qq F 9 + q F 10 



G 
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G (2) QF i ^2 id=0 fi j (qF)qi i q2 j 

giV(-l + gF) 10 (l + gF) 2 ' 

foo = l2q F 2 + 20q F 3 + 12q F \ fa = -llq F - 33q F 2 - 33q F 3 - llq F \ 

fa = + 20q F 2 + 12q F 3 , fa = -llq F - 33q F 2 - 33q F 3 - llq F \ 

fa = 10 + Uq F + 68q F 2 + Uq F 3 + 10q F \ fa = -11 - 33q F - 33q F 2 - llg F 3 , 

fa = 12q F + 20q F 2 + 12q F 3 , fa = -11 - 33q F - 33q F 2 - llg F 3 , 

fa = 12 + 20q F + 12g F 2 . 

By expanding these as series in qp,qi~ 1 ,q 2 ~ 1 we obtain the Gopakumar-Vafa invariants 
listed in table El 

6 Conclusion 

In this article, we have computed the topological string amplitudes of the canonical 
bundles of toric surfaces which are the Hirzebruch surfaces blown up at Nf = 0,1,2,3,4 
points and showed that in a certain limit, they reproduce the Nekrasov's formulas for 4D 
M = 2 SU(2) gauge theories with Nf fundamental hypermultiplets. 

We have also derived the asymptotic form of the Gopakumar-Vafa invariants at all 
genera from the instanton amplitudes of the gauge theory. From the result in ^2] and ours, 
we expect that the asymptotic form of the Gopakumar-Vafa invariants in the SU(n + 1) 
cases are given as the product of the two factors: the one is the asymptotic form of Nf = 
case derived in ^H] and the other is just the same binomial part as the SU (2) case. 
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A Formulas 

We list some formulas in this section. 
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We use letters R, Ri, R 1 , Q etc. for partitions. As mentioned before, l(R) := Ylifa f° r a 
partition R = (fix, • • ■), k(R) '■= Ylii^ii.^ — 2i + 1) and d(R) is the length of R. (A*ii)i>i 
(resp. (/i2i)i>i) is the conjugate partition of Ri (resp. R2) and (i, j) G R means that there 
is a box in the place of i-th row and j-th column in the partition R regarded as a Young 
diagram. 

The three point amplitude is [21 IH El EJ 

r ._ V nK (R 2 )/2+K(R*)/2 W R 2 ,Qi W R2,Qj 

Qi,Qs 



In the first line the summation is over pairs of partitions Qi,Q3- The coefficient Nq^'q^ is 
defined as follows: 

N 5i&--=Y, N %hA- ( 47 ) 

Nr 'r» is the tensor product coefficient. In the second line, s R , sr/q are the Schur function 
and the skew Schur function [To] : 

det^w J )i<i,j<d(R) 
s R/Q :=J2 N Q,Ri s Ri> ( 49 ) 

where x = (xi, . . . ,Xi(r)). The tensor product coefficient N RR „ can be computed from the 
formula 

sr^r 2 = J2 N RuR2 S Q ( 5 °) 
Q 

or by using the Littlewood-Richardson rule. 

The formulas essential to the calculation of H Ri R in section |2] are [To] 

00 

^SQ /Rl (x)sQt,R 2 {y) = Y[(l + Xiyi)^2s R2 t /Q (x)s Rl t /Q t, (51) 

Q i,J=l Q 

00 

^2sQ /Rl (x)s Q/ R 2 (y) = Y[(l - x l y i y 1 ^2sR 2/Q (x)s Rl/ Q. (52) 

Q i,j=l Q 

Note that the summations in the right-hand sides are infinite but those in the left-hand 
sides are finite. 
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Let f(x) be a function in one variable. For a partition R = {ni)i>\ {R l = (fJ>i)i>i), the 
following identities hold: 

JL w-i !<.iL) iiii 

= M* f ^ + »*- k - i+iy <54) 

For two partitions R\ = (//i,j)i>i and i?2 = (/-*2,i)i>i, the following identities hold: 

n /QfM -/^2,j + j -i) 
f(j ~ i) 

TT TT f{f*l,i- - I) TT TT 1 TT TT 1 

(55) 

-11 /H _ J + 1) ^ 

t,J>l J v 

1 -i— r 1 

= JL ^ - j + /*,-* + D „,n 2 7h5 + i - km + i - 1) • (57) 



The proof of the last expression (J57)l is the same as the proof of theorem 1.11 in ^7j. The 
proofs of other formulas (|53| ) -([5bj ) can be found in 0. 



B Calculation of the integer mi 

In this section, we present the calculation of (Q). 

By definition, m, = det(t>i n , Vt) where v- m and v ont are two-component vectors described 
in figured Note that v out J_ v^, v in J_ (v i+1 -Vi) and det(^_i, u out ) = det(v i+1 -Vi, v in ) = 1. 
Therefore 

det(> in , v mt ) = det(w i+ i - v u v^i) = det(v i+1 , v^) - det(v f , (58) 

The second term is minus the volume of the triangle spanned by Vi, which is —1 because 
the surface is smooth. To compute the first term, note that the following equation holds by 

Q: 

-1idet(v i+1 ,Vi) = det(u i+ i,^_i). 
19 



Since det(vi + i,Vi) = 1, the right-hand side is equal to — 7$. Therefore 

mi = det(>i n , v out ) = -7* - 1. 
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Figure 3: The fans and the web diagrams for the Calabi-Yau toric 3-folds that correspond 
to four-dimensional TV = 2 £77(2) gauge theory with Nf fundamental hypermultiplets. 
(2) (3) (4) are Hirzebruch surfaces and correspond to Nf = 0, (5) (6) to Nf = 1, (7) (8) (9) 
to Nf = 2 and (14) (15) to Nf = 4. The orientation of the interior edges are taken in the 
clockwise direction. Nf = 2 cases are separately shown in figure 
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Table 3: The Gopakumar-Vafa invariants of (7)(9) for (d>B,g) = (1, 0), (2, 0), (2, 1), (2, 2). 
Those with (ds,g) = (1,1), (1,2) are omitted because they are zero. Note that the 
Gopakumar-Vafa invariants are symmetric with respect to di,d 2 . 
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Figure 4: The ratio between the Gopakumar-Vafa invariants n d dp d d2 and the asymptotic 
form in the case of (7)(9) for (d B ,g) = (1, 0), (2, 0), (2, 1), (2, 2). 
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